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Exercise 2F
1 a Using the table in Section 3.6 y
Tangent at Pis py = x+ap’ P

Tangent at Q' is gy = x+aq’

(p—qy=alp-q)p+q) -.y=a(p+q) 0 .
2apz-l—apq:x-i-ap2 SoXx=apq

So Ris (apq, a(p+q))

b Chord PQ has gradient: 2a]z _2a? _ 2a(p-q) _ 2
ap”—aq”  a(p—q)p+q) p+q
Equation of chord PQ is: y—2ap = 2 (x—ap?)
ptq

=>y(p+q)—;wp/—2apq=2x—;af

= y(p+q)=2x+2apq
Chord passes through (a, 0) = 0=2a+ 2apq or pg =-1

Locus of Ris x=—a

¢ Gradient of chord PQ is =2=p+q=1
pP+q
Solocus of Ris:y=a(p+q)=a
y=a
dy

. 2
2 a Use the chain rule to find the gradient: Y —dr _ bsec = b
dr dx asecttant asint

dt

(x—asect)

asint
aysint—absinttant = bx —absect

The equation of the tangent /, is: y—btant =

aytant—abtan’t = bxsect —absec’ t

bxsect—aytant = ab(sec’ t —tan’t) = ab

b x=0: —aytant=ab, so y:—i
tant

y=0: bxsect =ab, so x:L

sect
So the point 4 has coordinates (0,—Lj , while B has coordinates (L, 0)
tant sect

The midpoint of 4B has coordinates (X, ¥Y) where X = 9 andY=- b
2sect 2tant

Rearranging: sect = 2 and tant = _b

2X
s X a2 b2
Using sec” f—tan” ¢t =1 gives the locus: - =1
8 8 X? 4y?
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3 a Use the chain rule to find the gradient of the tangent:

[
dy _dr _ bsec’t b
dx dx atantsect asint
dt

asint

Then the normal has gradient —

asint

An equation of the normal / is: y—btant=- (x—asect)

by —b*tant =—axsint+a’ tant

axsint+by = (a’ +b*)tant

a’ +b*

b x=0: by=(a’ +b*)tant,so y= tan ¢

2 bZ

. a
y=0: axsint =(a* +b*)tant,so x = sect

a
a’+b’ a’+b’
So the point 4 has coordinates sect, 0 |, while B has coordinates | 0, 5 tant
a
2 2 2 2
The midpoint of 4B has coordinates (X, ¥) where X = a 2+b sect and ¥ =2 b tan¢
a
Rearranging: sect = _2aX and tant = 2bY
' a’+b’ a’ +b’

: , 4a* X* 4b%Y?
Using sec’t—tan’¢ =1 gives the locus: Za 5 2b S5 =
(a"+b°) (a"+b")

Rearranging into the specified form: 4a° X’ = (a’ +b°)* +4b°Y>

dy
: : dv 4o 3cosé

4 a Use the chain rule to find the gradient of the tangent: —=-%-=———
dx  —5sin@
do

) . Ssiné ) .
The gradient of the normal /, is 3e0sd’ and an equation for the normal is given by
oS
y—3sinf = Ssind (x—5cos0)
3cosé

= 3ycos@—-9sinfcos@ =5xsinf—25sinHcos
3ycosf@ =5xsin@—16sin G cos
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4 b x=0:3y=-16sind,s0 y=—Lsiné

y=0: 5x=16cosf,s0 x=1cosb

So M has coordinates (% cos 49,0) , while N has coordinates (0,—1¢sin#)

The midpoint of MN has coordinates (X, Y) where X =%cos@ and ¥ =—-%siné
Rearranging: cosd =2 X and sinf=-3Y

Using cos’ @+sin’ @ =1 gives the locus as 2 X2 + 2 Y* =1

From the table in Section 3.6, the equation of tangent at P is:
x+p’y=2cp

Similarly the equation of tangent at Q is:
x+q’y=2cq

At R the lines intersect, so:

Py—q’y=2cp—2cq

Solving: M(p +q)y = 2CM

2 2
:}y: ¢ , X = cpq
p+q p+q
2 2
SoRis [ﬂ_cj
ptq pt+q
Gradient of chord PQ is: —+—1—= c(¢—p) __

cp—cq pgc(p—-q)  pq
So the equation of chord is: y L. —L(x —cp)
P rq

= ypq—cq=cp—x
ypq+x=c(p+q)

. 1 1
i —=2=pg=—
rq 2
Ris:x = ——F , V= 2 = y=-2x (x#0)
pP+q P+q

ii Chord passes through (1, 0)=1=c(p+9q)
ZClpq, yz?:ychz (x<0)

c c

Risx=

iii Chord passes through (0, 1) = pg=c(p+q)
2¢(p+q)
(p+q)

Risx= = x=2c"
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=2at
6a” }jd_y_2a 1

x = at* dx 2at ¢

b Equation of tangent is: y —2at = l(x —at)
t

yt—2at* =x—at’
yl‘:x+at2
So x—ty+at’ =0

¢ Tis (0, ar)
Centre of circle will be intersection of
perpendicular bisectors of OT and OP.

Equation of the perpendicular bisector of OT is:

_at
Y75

2
Midpoint of OP is (%, at)

Gradient of OP = 2_61; = %
at t

2
So the equation of the perpendicular bisector of OP is: y—at = —%[x —%j

. . . at
Perpendicular bisectors intersect when y = Y :

at t at* :
——at=——| Xx——— =—ta
2 2 2
. . at2 at
So the centre of the circle is 7+ a, ?
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7 Using the results from the table in Section 3.6 for the general points on a hyperbola, P is [c, EJ
p

i
. C : «
and Q is [C, ;j p (ep, F}

Y

c c

Gradient of chord POQ: P94 _ clg-p) _ 1

cp—cq pgc(p—-q)  pq
. ) 1
So the equation of the chord is: y— L (x—cp)
p pq

= ypq—cq=cp—Xx
ywq+x=c(p+q)

Midpoint of chord PQ is c(p+q) , c(p+q)
2 2pq

Chord passes through (0, 1) = pg=c(p+q)

Midpoint is: x = <PFD — _2(p+d)

2 2pq
Substitute pg=c(p+gq)=y _cprg) 1
2¢(p+q) 2

So the locus is the line y = % (x<0)

8 a Let P=(x,,y)

Since N lies on the line y = 6, N has coordinates ( x;,6)

. o . +6
M is the midpoint of PN, so the coordinates of M are (xl, N 5 j

So if Mis (x, y), then x=x, amciy:le+6:>y1 =2y-6

Since P lies on the ellipse, the coordinates P = (xl, b2 ) satisty the equation of the ellipse.

2 2
X @y-6
4 16
Rearranging: X +y’—6y+5=0

So M always satisfies the equation

b The equation describes a circle, because x” and y* have the same coefficient.
Rewrite as: ¥’ +y'—6y+9=4
which leads to  x” +(y—3)* =4
This is the equation of a circle with centre (0, 3) and radius 2
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Challenge
Let A=(x,y,) and B=(x,,y,)

The chord 4B has gradient , so k = 227 M and the midpoint (x, y) of 4B is (xl J;xz , N+Y ]
X =X

2
Since A4 and B are both on the ellipse, their coordinates satisfy the equation of the ellipse.

b’x’+a’y’ =a’b’
b? 12+ 2 1z 2p2 =a’(y, =y +b(x," —x")=0
X, +a’y,” =a

= az(yz -y, +y1)=—b2(x2 = x)(x, +x,)

= QmW (b )
(x,—x)
But k=u, SO:
Xy, =X

ka*(y, +y,)=-b*(x, +x,)
Using the coordinates of the midpoint of AB, ka’ x2y = —b* x2x

So the locus of the midpoint of the chord is given by ka’y +b°x =0
This is a line passing through the origin.
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